Abstract. In this paper, some k-Fibonacci and k-Lucas with arithmetic indexes sums are derived by using the matrices Ra = L k,a −(−1) a 1 0
Introduction
One of the more studied sequences is the Fibonacci sequence [1] , and it has been generalized in many ways [2, 3] . Here, we use the following one-parameter generalization of the Fibonacci sequence. Definition 1.1. For any integer number k ≥ 1, the k-th Fibonacci sequence, say {F k,n } n∈N is defined recurrently by (1) F k,n+1 = kF k,n + F k,n−1 , n ≥ 1, where F k,0 = 0 and F k,1 = 1.
Note that for k = 1 the classical Fibonacci sequence is obtained while for k = 2 we obtain the Pell sequence. Some of the properties that the k-Fibonacci numbers verify and that we will need later are summarized below [4] :
σ1−σ2 , where
and
. These roots verify σ 1 + σ 2 = k and σ 1 σ 2 = −1.
This paper presents an interesting investigation about some special relations between matrices and k-Fibonacci and k-Lucas numbers. This investigation is valuable, since it provides students to use their theoretical knowledge to obtain new k-Fibonacci and k-Lucas identities with arithmetic indexes by different methods.
We focus here on the subsequences of k-Fibonacci numbers with indexes in an arithmetic sequence, say an + r for fixed integers a, r with 0 ≤ r ≤ a − 1. Several formulas for the sums of such numbers are deduced by matrix methods.
Main theorems
Let us denote F k,n+1 + F k,n−1 by L k,n (the k-Lucas numbers). 
Proof. If n = 0, the proof is obvious because
a F k,a(n−1) I, for every positive integer n. We now show that
Thus,
Thus, the proof is completed. Now, we define a 2 × 2 matrix R a and then we give some new results for the k-Fibonacci numbers F k,an by matrix methods.
Define the 2 × 2 matrix R a as follows:
By an inductive argument and using (2), we get Corollary 2.2. For any integer n ≥ 1 holds:
Clearly the matrix R n a satisfies the recurrence relation, for n ≥ 1
where
For any integer n ≥ 1 holds:
Proof. (By induction). For n = 1:
Let us suppose that the formula is true for n − 1:
. Thus, the proof is completed.
An important property of these numbers can be tested using the above result.
Theorem 2.4. For any integer n ≥ 1 holds:
The proof is completed.
Let us give a different proof of one of the fundamental identities of k-Fibonacci and k-Lucas numbers, by using the matrix S a .
Theorem 2.5. For all n, m ∈ N,
Thus it follows that,
Then, the proof is completed.
In the particular case, if a = 1, we obtain Corollary 2.6. For all n, m ∈ N,
In the particular case, if a = 1, we obtain Corollary 2.8. For all n, m ∈ N,
Sum of k-Fibonacci numbers of kind an
In this section, we study the sum of the k-Fibonacci numbers of kind an, with a an positive integer number.
Theorem 3.1. Let n ∈ N and a ∈ Z with a ≥ 1. Then,
Proof. It is known that I − S n+1 a
It is easy to see that,
is nonzero, because a ≥ 1. If we take δ = 1 + (−1) a − L k,a , then we get
Thus it is seen that,
Furthermore, from the identity (22), it follows that
Theorem 3.2. Let n ∈ N and a ∈ Z with a ≥ 1. Then,
Proof. We prove the theorem in two phases, by taking n as an even and odd natural number. Firstly assume that n is an even natural number. Then,
If det(I + S a ) is nonzero, then we can write (26)
is nonzero. If we take δ = 1 + (−1) a + L k,a , then we get
where T a = 0 ∆ a 1 0 .
Thus it is seen that, (I + S a ) −1 (I + S ∆ a (2F k,a + ǫ a (n + 1)) 2F k,a + ǫ a (n + 1) ∆ a F k,a(n+1) .
Now assume that n is an odd natural number. Hence we get,
Since n is an odd natural number, then n − 1 is even. Thus taking n − 1 in (25) and using it in (29), the proof is completed.
